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In this work we explore tlie possible existence of static, spherically symmetric and stationary, 
axisymmetric traversable wormholes coupled to nonlinear electrodynamics. Considering static and 
spherically symmetric (2 + 1) and (3 + 1)— dimensional wormhole spacetimes, we verify the presence 
of an event horizon and the non-violation of the null energy condition at the throat. For the former 
spacetime, the principle of finiteness is imposed, in order to obtain regular physical fields at the 
throat. Next, we analyze the (2 + 1)— dimensional stationary and axisymmetric wormhole, and 
also verify the presence of an event horizon, rendering the geometry non-traversable. Relatively to 
the (3 + 1)— dimensional stationary and axisymmetric wormhole geometry, we find that the field 
equations impose specific conditions that are incompatible with the properties of wormholes. Thus, 
we prove the non-existence of the general class of traversable wormhole solutions, outlined above, 
within the context of nonlinear electrodynamics. 
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1. INTRODUCTION 

A specific model of nonlinear electrodynamics was pro- 
posed by Born and Infeld in 1934 1] founded on a princi- 
ple of finiteness, namely, that a satisfactory theory should 
avoid physical quantities becoming infinite. The Born- 
Infeld model was inspired mainly to remedy the fact that 
the standard picture of a point particle possesses an infi- 
nite self-energy, and consisted on placing an upper limit 
on the electric field strength and considering a finite elec- 
tron radius. Later, Plebahski presented other examples 
of nonlinear electrodynamic Lagrangians .2| , and showed 
that the Born-Infeld theory satisfies physically acceptable 
requirements. A further discussion of these properties 
can be found in Ref. 3]. Furthermore, a recent revival of 
nonlinear electrodynamics has been verified, mainly due 
to the fact that these theories appear as effective theo- 
ries at different levels of string/M-theory, in particular, 
in Dp— branes and supersymmetric extensions, and non- 
Abelian generalizations (see Ref. 3 for a review). 

Much interest in nonlinear electrodynamic theories has 
also been aroused in applications to cosmological models, 
in particular, in explaining the inflationary epoch and the 
late accelerated expansion of the universe [^ |^ . In this 
cosmological context, an inhomogeneous and anisotropic 
nonsingular model for the universe, with a Born-Infeld 
field was studied vll, the effects produced by nonlin- 
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ear electrodynamics in spacetimes conformal to Bianchi 
metrics were further analyzed Si], and geodesically com- 
plete Bianchi spaces were also found 9]. Homogeneous 
and isotropic cosmological solutions governed by the non- 
abelian Born-Infeld Lagrangian [l^l , and anisotropic cos- 
mological spacetimes, in the presence of a positive cos- 
mological constant [lli] , were also extensively analyzed. 
In fact, it is interesting to note that the first exact regular 
black hole solution in general relativity was found within 
nonlinear electrodynamics |l2l Il3l | , where the source is 
a nonlinear electrodynamic field satisfying the weak en- 
ergy condition, and the Maxwell field is reproduced in 
the weak limit. It was also shown that general relativ- 
ity coupled to nonlinear electrodynamics leads to regular 
magnetic black holes and monopoles |l4| . and regular 
electrically charged structures, possessing a regular de 
Sitter center T5], and the respective stability of these 
solutions was further explored in Ref. 16] . 

Recently, an alternative model to black holes was pro- 
posed, in particular, the gravastar picture |l7l |. where 
there is an effective phase transition at or near where the 
event horizon is expected to form, and the interior is re- 
placed by a de Sitter condensate. The gravastar model 
has no singularity at the origin and no event horizon, as 
its rigid surface is located at a radius slightly greater than 
the Schwarzschild radius. In this context, a gravastar 
model within nonlinear electrodynamics, where the inte- 
rior de Sitter solution is substituted with a Born-Infeld 
Lagrangian, was also found. This solution was denoted 
as a Born-Infeld phantom gravastar [l8l |. 

Relatively to wormhole spacetimes [l^ ^^ , an impor- 
tant and intriguing challenge is the quest to find a real- 



istic matter source that will support these exotic geome- 
tries. The latter are supported by exotic matter, involv- 
ing a stress energy tensor that violates the null energy 
condition (NEC), i.e., Tf.^kf'k'' > 0, where T^i, is the 
stress-energy tensor and fc'* any null vector. Several can- 
didates have been proposed in the literature, for instance, 
to cite a few, null energy condition violating massless con- 
formally coupled scalar fields supporting self-consistent 
classical wormholes |2lj; the extension of the Morris- 
Thorne wormhole with the inclusion of a cosmological 
constant |22|; and more recently, the theoretical realiza- 
tion that wormholes may be supported by exotic cosmic 
fluids, responsible for the accelerated expansion of the 
universe, such as phantom energy [23 and the general- 
ized Chaplygin gas 524i| . It is also interesting to note that 
an effective wormhole geometry for an electromagnetic 
wave can appear as a result of the nonlinear character of 
the field [23. 

In Ref [23, evolving (2 + 1) and (3 + 1)— dimensional 
wormhole spacetimes, conformally related to the respec- 
tive static geometries, within the context of nonlinear 
electrodynamics were also explored. It was found that for 
the specific (3 -I- 1)— dimensional spacetime, the Einstein 
field equation imposes a contracting wormhole solution 
and the obedience of the weak energy condition. Fur- 
thermore, in the presence of an electric field, the latter 
presents a singularity at the throat. However, a regu- 
lar solution was found for a pure magnetic field. For 
the (2 -I- 1)— dimensional case, it was also found that the 
physical fields are singular at the throat. Thus, taking 
into account the principle of finiteness, that a satisfac- 
tory theory should avoid physical quantities becoming 
infinite, one may rule out evolving (3 + 1)— dimensional 
wormhole solutions, in the presence of an electric field, 
and the (2 -I- 1)— dimensional case coupled to nonlinear 
electrodynamics. 

In this work we shall be interested in exploring the 
possibility that nonlinear electrodynamics may support 
static, spherically symmetric and stationary, axisymmet- 
ric traversable wormhole geometries. In fact, Bronnikov 
[14L |27| showed that static and spherically symmetric 
(3 -|- 1)— dimensional wormholes is not the case, and we 
shall briefly reproduce and confirm this result. We fur- 
ther consider the (2-f 1)— dimensional case, which proves 
to be extremely interesting, as the principle of finite- 
ness is imposed, in order to obtain regular physical fields 
at the throat. We shall next analyze the (2 -I- 1) and 
(3 + 1)— dimensional stationary and axisymmetric case 
|28J coupled to nonlinear electrodynamics. 

This paper is outlined in the following manner: In Sec. 
|21we analyze (2 -I- 1) and (3 + 1)— dimensional static and 
spherically symmetric wormholes coupled with nonlin- 
ear electrodynamics, and in Sec. |3| rotating traversable 
wormholes in the context of nonlinear electrodynamics 
are studied. In Sec. 01 we conclude. 



2. STATIC AND SPHERICALLY SYMMETRIC 
WORMHOLES 

2.1. (2 + 1)— dimensional w^ormhole 

In this Section, we shall be interested in (2 -t- 
1)— dimensional general relativity coupled to nonlinear 
electrodynamics. We will use geometrized units through- 
out this work, i.e., G = c ~ 1. The respective action is 
given by 



S^ 



T^ + ^(^) 



d^a 



(1) 



where R is the Ricci scalar and L{F) is a gauge- invariant 
electromagnetic Lagrangian, which we shall leave unspec- 
ified at this stage, depending on the invariant F given by 
F = jF^^^F^^. F^^ = A^^^-Afj_^^ is the electromagnetic 
field. Note that the factor l/167r, in the action, is main- 
tained to keep the parallelism with (3 + f)— dimensional 
theory ^. 

In Einstein-Maxwell theory, the Lagrangian is defined 
as L{F) = —F/Att, but here we consider more gen- 
eral choices of electromagnetic Lagrangians, however, de- 
pending on the single invariant F. It is perhaps impor- 
tant to emphasize that we do not consider the case where 
L depends on the invariant G = \F^^*F^^'' , where * de- 
notes the Hodge dual with respect to 5^^. 

Varying the action with respect to the gravitational 
field provides the Einstein tensor 



Gf_ip — 8n{gfj_^L — F^aF^^ Lp) , 



(2) 



where Lp = dL/dF. Clearly, the stress-energy tensor is 
given by 



T„, 



5m- L{F) 



F F ^ 



(3) 



where the Einstein field equation is defined as G^lu = 
SnTfj^jy. The variation of the action with respect to the 
electromagnetic potential Afj_, yields the electromagnetic 
field equations 



iF^"' Li 



0, 



(4) 



where the semi-colon denotes a covariant derivative. 

The spacetime metric representing a spherically sym- 
metric and static (2 -I- 1)— dimensional wormhole is given 
by 



ds' 



s^*'"-) de 



dr^ 



1 - b{r)/r 



+ r^ d<tP , 



(5) 



where $(r) and b{r) are functions of the radial coordi- 
nate, r. <i>(r) is denoted as the redshift function, for it 
is related to the gravitational redshift; h{r) is called the 
form function [I^. The radial coordinate has a range 
that increases from a minimum value at tq, correspond- 
ing to the wormhole throat, to cx). 



For the wormhole to be traversable, one must demand 
the absence of event horizons, which are identified as 
the surfaces with e^* -^ 0, so that $(r) must be fi- 
nite everywhere. A fundamental property of wormhole 
physics is the flaring out condition, which is deduced 
from the mathematics of embedding, and is given by 
{b - b'r)/b'^ > T?, "S^. Note that at the throat 
^(^o) = ^ = 7'Oj the flaring out condition reduces to 
b'{ro) < f ■ The condition (1 — b/r) > is also imposed. 

Taking into account the symmetries of the geometry, 
we shall consider the following electromagnetic tensor 

F,, = E{r){6lS: - 6^61) + B{r){5% - S^dt) . (6) 

Note that the only non-zero terms for the electromagnetic 
tensor are the following Ftr — —Frt — E{r) and F^r = 
-Fr4, = B{r). The invariant F = F^'''F^^/'i is given by 



F 



2 V r 



,-2$ 



^2(r)-lB2(r 



(7) 



The electromagnetic field equation, Eq. Q , provides the 
following relationships 



-,-* 



r 



1/2 






r \ r 



1/2 



B Lp — Cn 



-,-* 



(8) 
(9) 



where the constants of integration Ce and C'm are related 
to the electric and magnetic charge, Qe and g„i, respec- 
tively. 

The mathematical analysis and the physical interpre- 
tation will be simplified using a set of orthonormal basis 
vectors. These may be interpreted as the proper refer- 
ence frame of a set of observers who remain at rest in the 
coordinate system (i,r, 0), with (r, 0) fixed. Now, the 
non-zero components of the Einstein tensor, G/i^, in the 
orthonormal reference frame, are given by 



b'r-b 



Gii = 






2r3 ' 




Gff = 




r 


Gil = 




$ 



h'r — h 

^ ' 2r{r-b) 



(10) 

(11) 

.(12) 



The Einstein field equation, Gj^c ~ Stt T^p , requires that 
the Einstein tensor be proportional to the stress-energy 
tensor, so that in the orthonormal basis the latter must 
have an identical algebraic structure as the Einstein ten- 
sor components, G/i£>, i.e., Eqs. ((Tn|l - lfT^ . 

Recall that a fundamental condition in wormhole 
physics is the violation of the NEC, which is defined as 
Tfj^yk^k^ > 0, where k^^ is any null vector. Considering 
the orthonormal reference frame with k^ = (1, ±1, 0), we 
have 



T~~hi^h^ — — 
J. ^ J/ ft, ft, — 

OTT 



b'r^b ( b\ $'■ 



(13) 



Using the fla ring out condition of the throat, (& — 
b'r)/2b'^ > |l9l l20|. and considering the finite char- 
acter of $(?"), we verify that evaluated at the throat the 
NEC is violated, i.e., Tfxpk'^k^ < 0. Matter that violates 
the NEC is denoted as exotic matter. 

The only non-zero components of T^^j taking into ac- 
count Eq. Q, are 



7^„ 






-L-e-'^^[l--\ E^Lf; 



L + e 



'2$ 



E"^ Lf 



Til = 



b\ B^ 
1 - - I ^Lf, 



l-Ii-'-]Klf. 



(14) 

(15) 
(16) 



We need to impose the conditions \e~ '''{l — b/r)E Lf\ < 
oo and |(1 — b/r)B^LF\ < oo as r ^ tq, to ensure the 
regularity of the stress-energy tensor components. 

Note that the Lagrangian may be obtained from the 
following relationship: L = T;; — T^j — Tff, and using 
the Einstein field equation, is given by 



L 




$" + ($')2 _ Z. 
r 



b'r 



2r{r - b) 



2r3 



(17) 



However, from the metric (O we verify the following 
zero components of the Einstein tensor: G^f — 0, G~i = 
and G^ = 0. Thus, through the Einstein field equation, 
a further restriction may be obtained from T^ = 0, i.e.. 



Ti^^—E{r)B{r)e-^{l~b/r)LF. (18) 



which imposes that E{r) = or B{r) = 0, considering 
the non-trivial case of Lf non-zero. It is rather interest- 
ing that both E(r) and B{r) cannot coexist simultane- 
ously, in the present (2 -f- 1)— dimensional case. 

For the specific case of B{r) — 0, from Eqs. H1U|I - H11|) 
and Eqs. (|14|) - (|15|l . we verify the following condition 



$' = - 



b'r-b 



2r{r - b) ' 
which may be integrated to yield the solution 



„2* 



= 1- 



(19) 



(20) 



This corresponds to a non-traversable wormhole solution, 
as it possesses an event horizon at the throat, r — tq. 

Now, consider the case of E{r) = and B{r) ^ 0. For 
this case we have Tff — T? ?, and the respective Einstein 



tensor components, Eqs. (|ll() - (|12|l . provide the following 
differential equation 



$' 



$" 



f$ 



l\2 



b'r~b 
2r{r - b) 



$'. 



(21) 



Considering a specific choice of b(r) or <i>(r), one may, in 
principle, obtain a solution for the geometry. Equation 
(|21|l may be formally integrated to yield the following 
general solution 



$(r) = In 



Ci r I 



b(r) 



-1/2 



dr + C2 



(22) 



where Ci and C2 are constants of integration. For in- 
stance, consider a constant form function, 6(r) = 7'o, so 
that from Eq. (|22() . we deduce 

*(r) = In {^2 + ^ [2v/K^ - ^0) (2r + 3ro) 

+?,rl In (r - ro/2 + ^K^ - ^0)) ] } , (23) 
which at the throat reduces to 



To obtain a regular solution at the throat, we impose the 
condition: C2 + (3Cirg/8) ln(ro/2) > 0. 

Consider for instance b{r) — r^jr, then Eq. H22I) pro- 
vides the solution 



Ci 



$(r) = hWC2 + ^ 



r\ V - Tn 



+rl In f r + Jr^ — r^) j 



(25) 



which at the throat, reduces to 



$(ro) = In 



C2 



ln(ro; 



Once again, to ensure a regular solution, we need to im- 
pose the following condition: C2 + (Ciro/2) In(ro) > 0. 
Note that these specific solutions are not asymptotically 
flat, however, they may be matched to an exterior vac- 
uum spacetime, much in the spirit of Refs. |22.l3ll|. 

However, a subtlety needs to be pointed out. Consider 
Eqs. l(in|)-(IIIl) and |(T3|)-(IT5l), from which we deduce 



b'r-b 8nB^ ^ 
$ = 7 -v Lp ■ 

2r[r — 0) r 



(27) 



Now, taking into account Eq. lO, we find the following 
relationships for the magnetic field, B{r), and for Lp 



B{r) 



SttC,, 



b'r-b 



2r2(l-fe/r)i/2 



b 
1- - 

r 



1/2 



$' 



(28) 



and 



Lf = - 



SttC?. 



-2$ 



b'r — b 
2r^ 



+ (1 - b/r) $' 



(29) 



respectively. Considering that the redshift <& be finite 
throughout the spacetime, one immediately verifies that 
the magnetic field B{r) is singular at the throat, which 
is transparent considering the first term in square brack- 
ets in the right hand side of Eq. (|28|l . This is an ex- 
tremely troublesome aspect of the geometry, as in order 
to construct a traversable wormhole, singularities appear 
in the physical fields. This aspect is in contradiction 
to the model construction of nonlinear electrodynamics, 
founded on a principle of finiteness, that a satisfactory 
theory should avoid physical quantities becoming infinite 
^. Thus, one should impose that these physical quanti- 
ties be non-singular, and in doing so, we verify that the 
general solution corresponds to a non-traversable worm- 
hole geometry. This may be verified by integrating Eq. 
(I27|l . which yields the following general solution 



„2* 



= I 1 1 cxp ( — IBtt / — Lp dr 



(30) 



(24) We have considered the factor \B Lp\ < 00 ds, r 



ro, 

to ensure the regularity of the term in the exponential. 
However, this solution corresponds to a non-traversable 
wormhole solution, as it possesses an horizon at the 
throat, b ~ r — rQ. 

One may also prove the non-existence of 
(2 + 1)— dimensional static and spherically symmetric 
traversable wormholes in nonlinear electrodynamics, 
through an analysis of the NEC violation. In the context 
of nonlinear electrodynamics, and taking into account 
Eqs. lfTH) - ((TK|l . we verify 






- 1- 



B^ 



■ Lp . 



(31) 



which evaluated at the throat, considering the regularity 



(26) of S and Lp, is identically zero, i.e., Tj^ck^k'" 



= 0. The 

NEC is not violated at the throat, so that the flaring-out 
condition is not satisfied, showing, therefore, the non- 
existence of (2 -f 1)— dimensional static and spherically 
symmetric traversable wormholes in nonlinear electrody- 
namics. 



2.2. (3 + 1)— dimensional wormhole 

The action of (3 + 1)— dimensional general relativity 
coupled to nonlinear electrodynamics is given by 



S 



-9 



R 

16^ 



L{F) 



d X , 



(32) 



where R is the Ricci scalar and the gauge-invariant elec- 
tromagnetic Lagrangian, L{F), depends on a single in- 
variant F [i 123, defined by i^ = ^Pt'T^^, as be- 
fore. We shall not consider the case where L depends 



on the invariant G = |;F^i^*F'^^, as mentioned in the 
(2 + 1)— dimensional case. 

Varying the action with respect to the gravitational 
field provides the Einstein field equations G^jy = STrT^y, 
where the stress-energy tensor is given by 



T^j.v — .9/jiy L{F) — Ff^aFv"' Lp . 



(33) 



Taking into account the symmetries of the geometry, the 
only non-zero compatible terms for the electromagnetic 
tensor are Ftr — E{x^) and Fg^ — B{x^^). 

The spacetime metric representing a spherically sym- 
metric and static (3 -I- 1)— dimensional wormhole takes 
the form |l3 



ds^ ^ -e2*(-) dt^ 



dr"^ 



l-b{r)/r 



+ r^{de^ +sm'^ 9 d(j)^). 



The non-zero components of the Einstein tensor, given 
in an orthonormal reference frame, are given by 



Gii - 


b' 

r2' 








(35) 


Gff = 


b / 6\ $' 

-- + 2 1-- -, 
r-' \ rjr 




(36) 


^U = 


-..-A^-t) 


$" + ($')2 _ 


b'r- 
2r(r- 


-b) 




b'r- 

2r2(r- 


b $'' 

-b)~^ r 






(37) 



Its a simple matter to prove that for this geometry, the 
NEC is identical to Eq. H13|l . and is also violated at the 
throat, i.e., Tf.pk^k'^ < 0. 

The relevant components for the stress-energy tensor, 
regarding the analysis of the NEC, are the following 



Tfi = -L- e"2* ( 1 - ^ ) E'^Lf, (38) 



Tff ^ L + e"-"* 1 - - E-'L 



(39) 



Analogously with the (2 + 1)— dimensional case, we will 
consider \e~'^'^{l — b/r) E^ Lp\ < oo, as r ^ rg, to ensure 
that the stress-energy tensor components are regular. 

From Eqs. ^-^ and Eqs. (12111-1123, we verify the 
following condition 



$' = 



2r{r - b) 



(40) 



which may be integrated to yield the solution e^* = (1 — 
6/r), rendering a non-traversable wormhole solution, as 
it possesses an event horizon at the throat, r — vq. 

Note that the NEC, for the stress-energy tensor de- 
fined by H33|l . is identically zero for arbitrary r, i.e., 
Tjxok'^k^ = 0. In particular this implies that the flaring- 
out condition of the throat is not satisfled, showing. 



therefore, the non-existence of (3-1-1)— dimensional static 
and spherically symmetric traversable wormholes coupled 
to nonlinear electrodynamics. The analysis outlined in 
this Section is consistent with that of Refs. [iJi l27l| . 
where it was pointed out that nonlinear electrodynam- 
ics, with any Lagrangian of the form L(F), coupled to 
general relativity cannot support static and spherically 
symmetric (3 -I- 1)— dimensional traversable wormholes. 

The impediment to the construction of traversable 
wormholes may be overcome by considering a non- 
interacting anisotropic distribution of matter coupled to 
nonlinear electrodynamics. This may be reflected by the 
following superposition of the stress-energy tensor 



T„ 



T: 



fluid 



T. 



NED 



(41) 



(34) by 



where Tj^^^ is given by Eq. ^, and T^^''^ is provided 



TX =iP + Pt)U^. U, + pt 5m. + (Pr - Pt)x^.X. ■ (42) 

C/^ is the four-velocity and x^ is the unit spacelike vec- 
tor in the radial direction. p{r) is the energy density, 
Pr{r) is the radial pressure measured in the direction of 
X^, and ptir) is the transverse pressure measured in the 
orthogonal direction to x'^- 
Now, the NEC takes the form 



Tf^pk^k' = pir)+prir) 
1 Ib'r^b 

8^ 



r 



(43) 



which evaluated at the throat, reduces to the NEC vio- 
lation analysis of Ref. [13, i.e., p + Pr < 0. 



3. STATIONARY AND AXISYMMETRIC 
WORMHOLES 

3.1. (2 + 1)— dimensional wormhole 

We now analyze nonlinear electrodynamics coupled to 
a stationary axisymmetric (2 -j-l)— dimensional wormhole 
geometry. The stationary character of the spacetime im- 
plies the presence of a time-like Killing vector field, gen- 
erating invariant time translations. The axially symmet- 
ric character of the geometry implies the existence of a 
spacelike Killing vector field, generating invariant rota- 
tions with respect to the angular coordinate (p. Consider 
the metric 



ds' 



-N^dr 



dr'^ 



l-b/r 



+ r'^K'^{d(j)-ujdtf 



(44) 



where N,K,uj and b are functions of r. a;(r) may be 
interpreted as the angular velocity d(j)/dt of a particle. 
N is the analog of the redshift function in Eq. and 
is finite and nonzero to ensure that there are no event 
horizons. We shall also assume that K{r) is a positive. 



nondecreasing function of r that determines the proper 
radial distance R, i.e., 



R = rK , 



R' >0. 



(45) 



To transform to an orthonormal reference frame, the 
one-forms in the orthonormal basis transform as 0^ — 
Ki^i, Q'^ . The metric (|44|) can be diagonalized 



ds2 = -(e*)2 + (9*^)2 + (e^)^ 

by means of the tetrad 

6* = Ndt, 

e^ = rK{d(t)-ujdt). 
Now, K^'a A"^ = (5^^ and A^^ is defined as 



(A^^) = 



l/N 

(l-6/r)i/2 
ijj/N {rK)-'^ 



(46) 

(47) 
(48) 
(49) 

(50) 



From the latter transformation, one may deduce the or- 
thonormal basis vectors, e/i = K'^ jx e^, given by 



1 



U! 



iV^*+iV^^ 



1/2 



rK 



(51) 
(52) 
(53) 



Using the fact that Bq • e^ = gap, we have e^ • e^j = g^,> = 

ilp.0- 

Using the Einstein field equation, Gp^o = SnTp^o and 
taking into account the null vector k'^ — (1,±1,0), we 
obtain the following relationship, at the throat 






-^jpiK + r^K') 



Wnr^K 



(54) 



We verify that the NEC is clearly violated because the 
conditions K > and K' > are imposed by construc- 
tion |2^ , so that the metric (|44|l can describe a wormhole 
type solution. 

Now for nonlinear electrodynamics, we consider the 
stress energy tensor given by Eq. Q , where the nonzero 
components of the electromagnetic tensor are 



Ftr — —Frt, Ftcj) — —F^t, F^r — —Fr, 



(55) 



which are only functions of the radial coordinate r. Then, 
using the orthonormal reference frame, the NEC takes 
the following form 



-L ui/tv ft/ — 



N^ 



^--]Ftr 



t4> 



L, 



r^K'^m 



(56) 



which, at the throat, reduces to 



-L ni/tK, ft/ 



rlK^N^ 



Ftc/, Lf ■ 



(57) 



From this relationship, we verify that the NEC is violated 
at the throat only if the derivative Lp is positive and -Fi^ 
is nonzero. The latter condition, i^f^ ^ 0, is imposed to 
have a compatibility of Eqs. H54|l and (|57|l . 

However, note that from the metric (|44|1 we verify the 
following zero components of the Einstein tensor: Gtr = 
and Gr.0 = 0, implying that Ttr = and Tr^ — 0. 
These stress-energy tensor components are given by 



Ttr 



-{Ftrg'^ 
-{Ftrg'' 



-Fr^g^^)Ft^LF, (58) 

Fr4,g'*)Ft^Lp. (59) 



From these conditions, considering that the derivative Lp 
be finite and positive and the non-trivial case Ftip ^ 0, 
we find that 



t<ji\2 _ ^tt 4>4> 



ir) 



9 r 



(60) 



From the above imposition we deduce N — 0, imply- 
ing the presence of an event horizon, showing the non- 
existence of (2 + 1)— dimensional stationary and axially 
symmetric traversable wormholes coupled to nonlinear 
electrodynamics. 



3.2. (3 + 1)— dimensional wormhole 

Now, consider the stationary and axially symmetric 
(3 -|- 1)— dimensional spacetime, and analogously to the 
previous case, it possesses a time-like Killing vector field, 
which generates invariant time translations, and a space- 
like Killing vector field, which generates invariant rota- 
tions with respect to the angular coordinate (f>. We have 
the following metric 



ds 



-N^dt^ + e^ dr^ + r^K^[d0^ + sin^ d{d(f) -Lodtf] 

_ (61) 
where N, K, uj and /i are functions of r and 9 ^§\ . Lu{r, 6) 
may be interpreted as the angular velocity d(f)/dt of a 
particle that falls freely from infinity to the point {r,9). 
For simplicity, we shall consider the definition [281 



-Kr,0) ^ ^ _ 



Kr,9) 



(62) 



which is well suited to describe a traversable wormhole. 
Assume that K{r, 9) is a positive, nondecreasing function 
of r that determines the proper radial distance i?, i.e., 
R = rK and Rr > Q [l^, as for the (2 -I- 1) -dimensional 
case. We shall adopt the notation that the subscripts r 
and g denote the derivatives in order of r and 9, respec- 
tively ^. 



We shall also write down the contravariant metric ten- 
sors, which will be used later, and are given by 



5" = 1- 



1 

~]V2 - \ r 

7V2 _ r'^u^K'^ sin^ Q 



9 = 



r^K^ 



9 



-w^ '■''> 



Note that an event horizon appears whenever N — 
[23 • The regularity of the functions N, b and K are 
imposed, which implies that their 9 derivatives vanish 
on the rotation axis, 9 = 0, tt, to ensure a non-singular 
behavior of the metric on the rotation axis. The metric 
(|61|l reduces to the Morris- Thorne spacetime metric (O 
in the limit of zero rotation and spherical symmetry 



A^(r,6l)^c*M, 


b{r,9)- 


- b{r) , 


(64) 


Kir,9)^l, 


Loir,9)- 


-^0. 


(65) 



In analogy with the Morris-Thorne case, b{ro) = ro is 
identified as the wormhole throat, and the factors N, K 
and LU are assumed to be well-behaved at the throat. 

The scalar curvature of the space-time (I6III is ex- 
tremely messy, but at the throat r — vq simplifies to 



R = 



1 



2^2 



Mse 



1 2 
2^« 



^iB {Nsin9)e 



2 iNgsm9)g 
Nr^K^ sin 9 



Nr^K^ sin 61 
2 {Kesm9)e 



2^3 gi; 

sin^ 9 ujg 

2A^2 



(66) 



The only troublesome terms are the ones involving the 
terms with fig and figg, i.e., 



fJ-0 = 



og 



(r-b)' 



1 2 ^ bee . 

2^"^" r-6 2(r-6)2 



(67) 



Note that one needs to impose that bg — and bgg — 
at the throat to avoid curvature singularities. This 
condition shows that the throat is located at a constant 
value of r. 

Thus, one may conclude that the metric H61|) describes 
a rotating wormhole geometry, with an angular velocity 
uj. The factor K determines the proper radial distance. 
N is the analog of the redshift function in Eq. (|34|1 and 
is finite and nonzero to ensure that there are no event 
horizons or curvature singularities, b is the shape func- 
tion which satisfies 6 < r; it is independent of 9 at the 
throat, i.e., bg — 0; and obeys the flaring out condition 
br < 1. 

In the context of nonlinear electrodynamics, we con- 
sider the stress energy tensor defined in Eq. l|55ll . The 
nonzero components of the electromagnetic tensor are 



Ftr^ 


— Frt,Ftg — ■ 


— Fgt,Ft^ — - 


"F^t, 


(68) 


F<pr = 


— Fr^jFrS = 


— Fgr,Fg^ = 


■ —F^g 


(69) 



which are functions of the radial coordinate r and the 
angular coordinate 9. 

The analysis is simplified using an orthonormal refer- 
ence frame, with the following orthonormal basis vectors 



62 = 



1 

N 

1 
1 



et 



H e 

N 

5X1/2 

r 



0' 



ee- 



1 



rK sin 9 



(70) 
(71) 
(72) 
(73) 



Now the Einstein tensor components are extremely 
messy, but assume a more simplified form using the or- 
thonormal reference frame and evaluated at the throat. 
They have the following non-zero components 



Ctt 



G~ 

G,g 



^£0 



{KgSm9)g 

r'^K^ sin 6* 
K^ + Kj 
+ ^2^4 ' 

{Kg sin 9)g ^ 
r'^K'^ sm 9 
K^ + Kl 



uj^ sin ( 

4iV2 



Wg sin^ ( 
4iV2 



Mr 



{rK)r 



rK 



{Ng sin 9) g 
Nr^K^sin9 



r^K^ ' 

e->'^'^fxg{rKN)r 

2Nr^K^ ' 

Ng{Ksin9)g ujjsin^i 



Nr^K^ sin 9 AN'^ 

Hre-f'{NrK)r 

2NrK ' 
fire^''{NKr)r 3 sin^ 9 uj^ 



(74) 

(75) 
(76) 
(77) 



2NKr 

Ngg NgKg 



4Ar2 



Nr^K^ 
1 



Nr^K^ 



(78) 



6NK ujg cos 9 + 2NK sin 9 cugg 



AN'^K^r 

-firS^^'r'^NK^ sin 9 LJr + AN ujg sin 9 Kg 

~2K sin 9 Ngujg) . (79) 



Note that the component G-g is zero at the throat, how- 
ever, we have included this term, as it shall be helpful 
in the analysis of the stress-energy tensor components, 
outlined below. 

Using the Einstein field equation, the components Tf.^ 
and Tj- have the usual physical interpretations, and in 
particular, T^i characterizes the rotation of the matter 
distribution. It is interesting to note that constraints on 
the geometry, placing restrictions on the stress energy 
tensor needed to generate a general stationary and ax- 
isymmetric spacetime, were found in Ref. |33j . Taking 
into account the Einstein tensor components above, the 



NEC at the throat is given by 



SirTi^ok^k^ = e-^'^l, 



{rK)r uje sin' 



2o;.,2, 



rK 2iV2 

(A^0sin6')e 



(ri^)2iVsin( 



(80) 



Rather than re pro duce the analysis here, we refer the 
reader to Ref. |23|, where it was shown that the NEC 
is violated in certain regions, and is satisfied in oth- 
ers. Thus, it is possible for an infalling observer to move 
around the throat, and avoid the exotic matter support- 
ing the wormhole. However, it is important to emphasize 
that one cannot avoid the use of exotic matter altogether. 
Using the stress-energy tensor, Eq. (PSJ, we verify the 
following relationship 






Lf 



1- -] N' (F^, + sin' 9F,', 



r^K^N^ sin^ 
which evaluated at the throat reduces to 

Lf 



,(81) 



Tf.^kt^k" = -[Ft^ + sin" e{Fte + ujF^eY 



K^N^ sin^ e 



r, 



(82) 
Note that for this expression to be compatible with Eq. 
(|80|l . Lf may be either positive, negative or zero. 

The non-zero components of the Einstein tensor are 
precisely the components expressed in Eqs. ()74(l -()79 |l . 
so that through the Einstein field equation, we have the 
following zero components for the stress energy tensor in 
the (3-1-1)— dimensional case: Ttr = Ttg = T^j^r = Tcf,0 — 0. 
Thus, taking into account this fact, and considering that 
Lf is regular, we obtain the following relationships 

g'^FteFre = Ft^ig'^Ftr + g^^F^r) , (83) 

-g^'F^gFre = Ft^{g'' F^- + g'"^ F^r) . (84) 

-g^'^'FtrFre = Ft^ig'^Fte+g'^'^F^e), (85) 

g^-F^rFre = Ft^{g'' Fte + g"^ F^e) ■ (86) 

Now, rewriting Eqs. (|S5|) - (ISl|l in order of Fte and F^g, 
respectively, and introducing these in Eq. (|85|l . we finally 
arrive at the following relationship 



-g 



'■TV^sin^i 



rp2 T7'2 



(87) 



from which wc obtain that (1 — b/r) < 0, implying that 
r < b for all values of r except at the throat. However, 
this restriction is in clear contradiction with the defi- 
nition of a traversable wormhole, where the condition 
(1 — b/r) > is imposed. 

The same restriction can be inferred from the electro- 
magnetic field equations (F'^'^Lf)-^ = 0, which provide 
the following relationships 



F^*MLF)ir + F''[ln{LF)ie 
F-^MLf)],- + F'^MLf)], 






(89) 



These can be rewritten in the following manner 

potpiiip _ Tre4>pp,t 

MLF)ir^ ^ ;,, i' i' ;, 



prtpe^i _ prtppet 



MLf)], 



prtjiptit 



prtptiiji 



(90) 
(91) 



prtpe<fi _ prtppet 

Now, a crucial point to note is that to have a solution, 
the term in the denominator, F^'^F'^'^ - F'''t'F''\ should 
be non-zero, and can be expressed as 

x{FtrF^g-FteF^r)- (92) 

However, using the Eqs. (|83|I - H86|I . we may obtain an 
alternative relationship, given by 



prtpe<f> _ pr<t>pet _ 



grrgOe^ ) {FtrF^g - F^gF^r) 
i't4>. 



(93) 

Confronting both relationships, we obtain that (1 — 
b/r) < 0, implying that r < b for all values of r except 
at the throat, which, as before, is in clear contradiction 
with the definition of a traversable wormhole. 

If we consider the individual cases of Ffr — 0, i^^^ — 0, 
Fte = or F^g = 0, separately, it is a simple matter to 
verify that Eqs. (|S^ -l|S ^ impose the restriction N^ < 0, 
which does not satisfy the wormhole conditions. 

For the specific case of Ft^ = (with Fre ^ 0), the re- 
strictions Ftr — F^r — Fte = F^0 = are imposed. Tak- 
ing into account these impositions one verifies that from 
Eq. (|82|l . we have Tf^^k^k'^ — 0, which is not compatible 
with the geometric conditions imposed by Eq. l|Sn|) . 

Considering Fre — (with Fj^ y^ 0), one readily ver- 
ifies from Eqs. (|83|I - H86I) the existence of an event hori- 
zon, i.e., A'^ = 0, rendering the wormhole geometry non- 
traversable. 

The specific case of Ft^ = and Fre — also obeys 
Eqs. (j5^ - (j5H|l . and needs to be analyzed separately. To 
show that this case is also in contradiction to the worm- 
hole conditions at the throat, we shall consider the fol- 
lowing stress-energy tensor components, for Ft,/, — and 
Fre^O 

(1-6A), 



Tit = -L- 



iV2 



-iFtr+LuF^r)'LF (94) 



1 



_L rr 



p.. 



L 



N^r^K^ 

a_Vr) 

Ar2 
(l-b/r) 



{Fte + ^F^pg) Lp ; 



{Ftr + LoF^pr) Lf 



2 7^2 • 2a^<t>rTF- 

r'^K'^ sm ij 



1 



N2^2J^2 
1 



{Ft 



te 



^F^pg) Lf 



Tr 



i^-b/r) p2 r 



(95) 



(96) 



(97) 



1 



iR^i 



:Fia Lf 



An important result deduced from the above components 
is the foUowing 



^ it '^ -'-ff 






Til = 



(98) 



for all points in the geometry. 

Now, considering the Einstein tensor components, Eqs. 
(|74|l - (|78|l . evaluated at the throat, along the rotation 
axis, and using the Einstein field equation, we verify the 
following relationship 



^tt 



^rr ~r ^ no 



G: 



rK 



(99) 



which is always positive. We have taken into account 
that the functions N and K are regular, so that their 6 
derivatives vanish along the rotation axis, = 0, tt, as 
emphasized above. Therefore, through the Einstein field 
equation, we verify that relationship (|99|l is not com- 
patible with condition H98|l . and therefore rules out the 
existence of rotating wormholes for this specific case of 



Ft0 = and Pre 



0. 



4. CONCLUSION 

In this work we have explored the possibility of the ex- 
istence of (2 -t- 1) and (3 -f 1)— dimensional static, spheri- 
cally symmetric and stationary, axisymmetric traversable 
wormholes coupled to nonlinear electrodynamics. For the 
static and spherically symmetric wormhole spacetimes, 
we have found the presence of an event horizon, and 
that the NEC is not violated at the throat, proving the 
non-existence of these exotic geometries within nonlinear 
electrodynamics. It is perhaps important to emphasize 
that for the (2 -I- 1)— dimensional case we found an ex- 
tremely troublesome aspect of the geometry, as in order 
to construct a traversable wormhole, singularities appear 
in the physical fields. This particular aspect of the geom- 
etry is in clear contradiction to the model construction 



of nonlinear electrodynamics, founded on a principle of 
finiteness, that a satisfactory theory should avoid physi- 
cal quantities becoming infinite 0- Thus, imposing that 
the physical quantities be non-singular, we verify that the 
general solution corresponds to a non-traversable worm- 
hole geometry. We also point out that the non-existence 
of (3 -|- 1)— dimensional static and spherically symmetric 
traversable wormholes is consistent with previous results 

For the (2-1-1)— dimensional stationary and axisymmet- 
ric wormhole, we have verified the presence of an event 
horizon, rendering a non-traversable wormhole geometry. 
Relatively to the (3 -I- 1)— dimensional stationary and ax- 
ially symmetric wormhole geometry, we have found that 
the field equations impose specific conditions that are 
incompatible with the properties of wormholes. Thus, 
we have showed that for the general cases of solutions 
outlined above the non-existence of traversable worm- 
holes within the context of nonlinear electrodynamics. 
Nevertheless, it is important to emphasize that regular 
magnetic time-dependent traversable wormholes do exist 
coupled to nonlinear electrodynamics 2M- 

In the analysis outlined in this paper, we have con- 
sidered general relativity coupled to nonlinear electro- 
dynamics, with the gauge- invariant electromagnetic La- 
grangian L{F) depending on a single invariant F given 
by F ~ F'-'-'^F^i,. An interesting issue to pursue would 
be the inclusion, in addition to F , of another electromag- 
netic field invariant G ^ *F^^'^F^^. This latter inclusion 
would possibly add an interesting analysis to the solu- 
tions found in this paper. 
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